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Under assumption that VE Inc) s.t. nondegenerate spectrum.



Motivation TIDPT

Ho =+mw System w/ o-dimensional H-space

1H, =1 *4

->Reduce to finite-dimensional Hilbertspace "Qubit" 12=(E2)
2 - level

Let Ho =(*a z) abeR
system

=as +bis

and XH, = 10(simplicity, could be more generall

Then Hotar=(*** ab)
whose trace is tr)Ho+xH) =2u =Ex +E-

,

det (Ho+ xH,) =a2- b2 -x2 =Ex. E-

which implic
EI =a =vb2 +12 (2 energy States/

Since any vector isan eigenvector of aco, we find the

eigenvectors
(b) () ==vb()



and we find that

El =a =vb+1

117 =

b =vb2+x2)
unnormalized

I A

H =(**ab) +x(ii)
Ho Hi

For byo, thisis a nondegenerate Ho

and EI =x1b,

El=0

EI=2

If b=0, H = (oa) +x (ii) which now has a

degenerate unperturbed spectrum in Ho. We find

EI =a=

x,

11 =E(*) as beo, which is smooth as into

as well.

What's special:

1) Unperturbed to eigenvectors

2) The perturbation of H, is diagonal in (t) basis.



Time Independent Perturbation Theory

Ex1:n21 H-atom States all have degeneracies ...

=2:Spherical SHO H=-E,mws2 in spherical basis (e,m)

or in cartesian basis nx+hy + Uz =constant.

In the spherical symmetry of 3D SHO, there's a freedom to choose

S1n,kn), kn=1. .... in States:any Ural unitary transformation

is as good. "I don'tunderstand whatany of this means

Suppose to has degenerate spectrum in unpertubed states.

<iS Fo(n,kn7= EnIn, Kn2 kn: degeneracy of nth-level

and we want to solve for E,4:

[2]

11.+xF1) /4) =E147.

The values of E will be determined, butwe will expand 14 in

terms of In,kn) States (which iscomplete)

[3]

13 = CaanIn,KnL.



[3]-> [2] implies

(En In, ku) cr,n +XF1, In, ku) Cr,n) = EECnkn(n,ku)
=>I In,kn) (E- En Cr,kn =EH In, ku) i Ca,kn

Gu, kn

(m, kml where (m,kmIn, Ruh: Sunfimkn by completeness

=>(E - Em) Cm,km = 1 am (m, kml F, In,knY Cr, kn

still general, but we can look for a solution in series of X:

E=E0 + XE' +xE +
...

Cm,km: Cikm +x (km+..-

->

L4]
[E" - Emi) (i,km + X E'(ikmt.--

=x [ <m, kml F1, In,kn) Cuiknt...
n,kn

D-many equations
for each M,km ...

which, at 0(x), Says 0
=(E -Emo) (mikm Yu, kim.

Let's instead focus on one of the Em levels, denote it with

m4: E =Em.
of

the energy expansions can be

different for each in, km...



and let (in+m*, km* =0, Hence M=mx term remainsonly
from [4] It 0(X)

Lin*, km* undetermined.

The from [4] We obtain

El(r*,kmx=Eimx (m*,kmy/I,/m*,K'mt) (inA,am*

to
an mxX rm*matrix, where it indicates the

maximum degree of degeneracy of it state.

Invothe notation (H)
1,11

=(m*, kmx/ 21,/m+, km*'3

Cin*, km =CiL

*E*Si-(EI)n,] isn

which only has solutions it det(ESi- (F),) =0

or that I are the eigenvalues of (Ft.(1,1.

The first order corrections tothe m-th degenerate level (degeneracy km) are

the eigenvalves ofthe perturbation it, in the basisofunperturbed

States (m*, kmx) of energy EM*.



->

We can choose (m*,km*) such that II, is diagonal

in the Emx-subspace (since (Milk, isHermitian "mxx TuxMatrix, this

isalways possible) and therefore
Ei

-
Em*,km*= Em +X(m*,km) F1,/mY, KmYL

provided(m,kmx/I,/m+, RmxL is diagonal.

Finding a diagonal basis may not always be obvious; if so we

can take any basisand compute the <m1,kmx/E,/m+, R'mx) matrix

and find E by solving

det (EG11 - (m*, kmx/F1,/m*, km)) =0

Ifone works in the basis where it, is diagonal, we find

Em, km =Em + X (m, km/4,/m, km)

+ 127,
km,km/FIn, Kn>R
Emo-Eno

kn(nEm)
n=m(kn=km)

wo
↑ given

First order wavefunction leftfor DIY. prof

Note:to(1) the perferbation may liftall the degeneracy



Ex. 2d SHO

Flo=Ex =mwiz-e,mwigh

=

- +2(2) -m+j

EO (n,, n2) =hw(n,++1); Holn,nn)= EOI,U27

-1 -

Er = 2
--(0,2) - (2,0) - (1,1) Degeneracy increases an

E-1 -(1,0) -(0,1)
E increases.

Es=0--(0,0) S

(n,,n2)

Let It, =4Y", how to solve now?

In perturbation theory, 8(2) and E'!

N =1: unique (0U)

N=2:two states (01) (107

v =3: three states (20) (1) (02)

For generality seth =m=w=1 so

Ho =(24dx +252 +1) [di, 15]: Sij

#, =d(y4 +2x)" (25 +3y)2



then (nil(as +3x1In) =Sun: (2n+1) +Gnoz,n Unca-1') (*)-Sn+2,n' (n+1)(n+2)'

Consider the N=2 level where 10,17, 11,0) are

degenerate unpertubed states. We need

CFK = I
(1H,10, 2011H,11,07

I(1,01H, 10,17 (1,01H,11,07

by (*) this (FT is diagonal.

(1,01410,7 =2 (11(24 +2x1Y0). [ORdt+Eg(1
-

=0 by raising/lowering
similarly for20,114'11,0]...

⑧

(2.1
+1).1

1.(2.1 +1)CSo (H1,1 =3

=3(di)
Diagonal and degeneracy isn'tlifted to 0(3)

... Try N=3.

Here we have 3 degeneracies

10.27 12,07 11,13



10,2/H10,2) (0.2/H'12,0) (0.2)11,1)

(H),k = I (2,014%,2) [2,01H/2,0) (2,0111,1) I
(1)0,2) (1,1!12,0) (e. (H11,1)

(1,114(1,1) = 2.3.3 =92

30,2/H110,27 =(2,014'12,07 =59

30,2H12,0) =(2,014170,27=29

so Als - a la !
(i) has Xix =21,

=

1,=7

1, + x2 =10 22 =3

diag(HY,= (* 3a)

which has eigenvectors.

:Choice of basisisn'tarbitrary, we need

to choose a basisthat diagonalizes
El,



We startin the degenerate subspace

ofEl which makes the perturbation

diagonal.


